c ◯ Jim Carlson and Jennifer Johnson

Octob er 23, 1992

Draft 0.5.1

Con ten ts

1. In tro duction

2. Basics

3. Algebraic expressions

4. Graphing

5. Ro ots and equations

6. F unctions

7. Lo ops

8. Calculus

9. V ectors and matrices

10. Sa ving y our w ork

11. More info

W e w ould appreciate an y commen ts y ou ha v e regarding er-

rors, impro v emen ts, or additions, the latter consisten t with

the goal of k eeping these notes rather short.

1 . In tro duction

These notes are in tended as an in tro duction to Maple, a computer language for helping with mathematical

calculations. With it w e can write out n umerical expressions lik e this:

> (1 + 2)*(6 + 7) - 12/7;

and Maple will will resp ond with:

261 / 7

W e can use all the standard mathematical functions pro vided that w e kno w (or can guess) their names:

> sin(sin(20)) + arctan(sqrt(2)) + log(abs(-3)) + 2^3.1 + exp(1.1);

sin ( sin (20)) + arctan (2

1 / 2

) + log (3) + 2

3 . 1

+ 3 . 004166024

Whenev er p ossible Maple tries to compute exact quan tities (1 . 414213562 is, of course, an appro ximation to

√

2 ). T o get results in decimal (floating p oin t) form, w e use the function ev al f :

> evalf(");

14.42359058

The quotation mark stands for the result of the immediately preceding computation. W e can also do algebra:

> (a+b)^2;

( a + b )

2

> expand(");

a

2

+ 2 ab + b

2

> factor(");

( a + b )

2

V alues can b e assigned to v ariables, and substitions made:

> p := ": b := 1: p;

( a + 1)

2

W e use colons instead of semicolons to supress the displa y of expressions lik e p and b := 1 — w e already

kno w what they are. T o expand the result of the last computation, w e do this:

> expand(");

a

2

+ 2 a + 1

V ariables can b e returned to their original sym b olic (unasssigned) state:

> b := ’b’:

> p;

( a + b )

2

Note that in the ab o v e examples, the sym b ol used for assigning v alues, sometimes called “gets”, is differen t

from the equal sign “=.” Note also ho w w e “unassign” a v ariable, so that it b ecomes a pure sym b ol once

again.

Maple kno ws m uc h more than arithmetic and algebra — with it y ou can define new functions and plot

them, solv e equations in one or more unkno wns, do calculus (compute deriv ativ es, in tegrals, and solv e some

differen tial equations), w ork with v ectors and matrices, etc. These facilities will help us to concen trate on the

ideas and applications of mathematics rather than its mec hanics. W e will b e able to lo ok at more (and more

complicated) examples without losing our w a y (and our en th usiasm) in length y but routine calculations.

The b est w a y to learn Maple is b y using it. F or this reason the notes b elo w are in tended to b e read

while at the computer. Y ou should try eac h example as y ou read it, to see that it really do es what it should.

Sometimes Maple will misb eha v e. Often this is b ecause y ou mist yp ed something — p erhaps a function name

is missp elled, or a semicolon is missing, or y ou used = instead of :=. Sometimes it is b ecause y ou and Maple

ha v e sligh tly differen t ideas ab out the meaning of what y ou t yp ed in. These errors are more difficult to deal

with. Ho w ev er, as y ou dev elop an understanding of what y ou are doing, they will b e less common and more

easily solv ed.

W e ha v e included exercises at the end of eac h section. Y ou are encouraged to try some of these, as w ell

as to think up y our o wn. Most imp ortan t, y ou should b egin, starting no w, to use Maple in y our o wn w ork.

F or more information ab out Maple see the references in the annotated bibliograph y at the end of these

notes.

2 . Basics

T o start Maple, t yp e the command M apl e or xM apl e on the command line. X M apl e , if a v ailable, will

giv e b etter graphics. Lea v e Maple b y t yping q uit . Belo w is a sample session, in whic h w e do some simple

arithmetic:

% Maple

> 2 + 2;

4

> quit

%

Note the Maple’s command prompt “ > ”. This is where y ou t yp e what y ou w an t Maple to compute. Once

y ou ha v e t yp ed y our “command”, press the return k ey to tell Maple to execute it. Commands m ust b e

prop erly punctuated: they end with either a colon or a semicolon. F or no w w e will use semicolons. If y ou

forget to end a command with a semicolon y ou can just t yp e it in on the next line. It is the semicolon and

not the return k ey that tells Maple y ou ha v e finished a command. T ry starting up Maple no w and compute

2 + 2 as in the example (this is y our first exercise). Then try something more difficult, ma yb e an expression

with paren theses.

Note : Sometimes Maple will tak e to o long to do a computation, in whic h case y ou need to in terrupt

it. There are differen t w a ys to do this on differen t systems. F or plain M apl e on a Unix system press ctrl-C.

This is a univ ersal w a y to ab ort a running program. F or xM apl e press the inter r upt button in the Maple

windo w.

Addition, subtraction, etc., are standard, and paren theses are used in the usual w a y . Be sure to use an

asterix for m ultiplication: 2 ∗ 3 = 6. T o tak e p o w ers, use the caret sym b ol:

> 2^10;

Note that Maple carries out exact rational arithmetic. Th us, if y ou compute 31416 / 10000, whic h is a

w a y of represen ting an appro ximate v alue of π , Maple giv es a result of 3927 / 1250. T o get a decimal result,

y ou then ha v e to sa y ev al f (”). E v al f is a function whic h turns whatev er y ou giv e it in to a floating p oin t or

decimal n um b er. The quote sym b ol stands for the result of the immediately preceding computations. Here

are some examples (remem b er — do them no w):

> 123/111;

> evalf(");

> 129/127;

> evalf(", 20);

> Pi;

> evalf(Pi,100);

Note that ev al f can tak e a second, optional input whic h determines the precision of the output. (Inputs,

whic h in mathematics are called indep enden t v ariables, are kno wn as ar g uments in the computer jargon).

Another w a y to con trol the precision used b y ev al f is to set the Digits v ariable, e.g., Digits := 2 for a

lo w precision.

W arning: Some commands, lik e f sol v e , whic h is used to solv e equations, will giv e strange answ ers if Digits

is set to o lo w.

F unctions w ork in Maple as they do in mathematics. F or example, to compute 2 + 14 ∗ 8 + ∗ − 14 ∗ −

√

sin (1) ,

sa y

> 2 + 14*8 + abs(-14)-16/4 - sqrt(sin(1));

> evalf(");

T o see whether trig functions are computed in radians or degrees, w e do an exp erimen t:

> evalf(sin(1));

What do y ou conclude? Here is another thing to try:

> arctan(tan(x))

The result is x , as exp ected, since ar ctan undo es what tan do es: these t w o functions are in v erse to eac h

other.

What w e just did illustrates an imp ortan t p oin t: y ou can often guess the correct form of a Maple

expression ev en if y ou ha v en’t lo ok ed it up in the man ual. Th us, tan (1) do es indeed compute the tangen t,

ar tan (1) computes the arctangen t, and

> 20!;

computes a factorial. If y ou need additional information on something, e.g., arctan, try this:

> ?arctan

Note that there is no semicolon this time.

Let’s no w tak e a big step forw ard and b egin using v ariables. W e assign in teger v alues to v ariables a and

b and then do some computations:

> a:=25;

> b:=15;

> (a/b)^17;

Note the sp ecial sym b ol used to assign a v alue to a v ariable. Y ou can read a := 25 as “ a gets 25”. T o get a

decimal appro ximation for a result just computed, recall that w e use ev al f . Another w a y of getting decimal

results is to assign decimal v alues to at least one of the v ariables a and b . This w a y Maple kno ws that all

computations are to b e done in decimal form:

> a:=15.0; # or 15.00 or just 15. (etc.)

> b:=25;

> (a/b)^17;

The idea here is that if one of the n um b ers in the expression is in decimal format, Maple computes and

presen ts the result in the same format. Note the commen t in the first line of our examples. Commen ts

alw a ys b egin with the c haracter #, whic h just tells Maple to ignore the # and ev erything whic h comes after

it, up to the end of the line.

Exercises

1. A rational n um b er — the quotien t of t w o in tegers — has a decimal expansion whic h either terminates

or ev en tually settles do wn to a rep eating pattern. (Consider the expansion of 1 / 3, for example). Use

Maple to find the rep eating part of 23 / 11, 23 / 13, and 713 / 211. T ry also

524767338531

3030303030303

and

192414574797

1111111111111

2. F or the sak e of argumen t, let P = 4 b e the h uman p opulation of the earth to da y , measured in billions.

Also for the sak e of argumen t, assume that the ann ual gro wth rate is r = . 04 (four p ercen t). Then

the p opulation n y ears later will b e

Q := (1 + r ) n

P .

Compute the p opulation in billions for n = 10 , 25 , 100 , 1000. What conclusions can y ou dra w? Redo

y our calculations with differen t v alues of r . (Use v ariables in this problem).

3. W arning: Before y ou try this problem y ou ma y w an t to review the pro cedure for in terrupting a

computation that tak es to o long. (see Note at the b eginning of this section.)

Maple has a function called if actor whic h factors in tegers. It tak es one in teger as input and pro duces

the factorization as output. T ry factoring some reasonably large n um b ers, lik e 123456789. T ry also

some really large n um b ers lik e 2

89

− 1 and 2

211

− 1. Y ou migh t w an t to ev aluate these b efore factoring

them so that y ou can enjo y the decimal expansions. Commen t on the time necessary to p erform these

calculations. Ho w migh t it dep end on the size of the in tegers one tries to factor?

There is a function for determining whether a n um b er is prime without finding its factors, as in

ispr ime (2

211

− 1). T ry this function on the n um b ers ab o v e. Ho w do es its sp eed compare with

if actor ?

4. Maple also has a function called nextpr ime . It tak es an in teger n as input and returns the smallest

prime p > n as output. Use it to find some v ery large prime n um b ers.

3 . Algebraic expressions

Let us no w try w orking with algebraic expressions. W e b egin b y defining a binomial:

> p := x+y;

Note that Maple do es not expand automatically , as y ou will see when y ou try these:

> (x + 2*y)*p; # Note that Maple does not understand 2y--the

> # asterisk is necessary.

> p*p*p;

> p^15;

Th us, to get the expanded form, w e do this:

> expand(p^15);

T o con tin ue w orking, w e store the expanded form in a v ariable pp :

> pp:= ";

Note ho w m uc h space the expanded form tak es. If w e don’t w an t it to app ear on the screen, remem b er w e

use a colon instead of a semicolon:

> pp:

Exercises

1. Solv e x

2

+ 2 ∗ x + 1 = a for a = 0 , 0 . 1 , − 0 . 1. As w e c hange the co efficien ts b y a small amoun t, ho w

do the ro ots c hange? (By a small amoun t or a large amoun t?) T ry to explain what happ ens b y using

appropriate graphs, either sk etc hed b y hand or done with Maple.

2. Solv e x

3

− 27 = 0, x

3

+ x − 27 = 0, and commen t on the relation b et w een the solutions in the t w o

cases. Do es a small c hange in the co efficien ts lead to a small c hange in the ro ots? Giv e a graphic

explanation if p ossible.

3. Solv e x n

+ a ∗ x + 1 = 0 for n = 2 , 3 , 4 , 5.

4. Solv e tan x + x = 0 . 2. Ho w is the solution found differen t from that of sin x + x = 0 . 2? Do es this ha v e

a graphic explanation? (Do a plot — p erhaps with b oth y = tan x + x and y = sin x + x on the same

axes). Are there other solutions?

6 . F unctions

With Maple, just as in mathematics, one can define new functions. F or example, to define the function

p 1( x ) = (2 x − 3)( x + 4)(3 x + 2)

2

w e sa y this:

> p1 := x -> (2*x-3)*(x+4)*(3*x+2)^2;

Think of the sym b ol − > in the definition as an arro w: x “go es to” the expression (2 x − 3)( x + 4)(3 x + 2)

2

.

W e can no w pro ceed with the usual kind of computation, e.g.,

> p1(-2);

> p1(y);

> p1(a+b);

If y ou don’t lik e the format of some of the results that p 1( ∗ ) giv es y ou, try expand (”).

It is imp ortan t to k eep in mind that functions and expressions are differen t kinds of mathematical ob jects.

Mathematicians kno w this, and so do es Maple: compare the results of the follo wing.

> p1; # function

> p1(x); # expression

> p1(y); # expression

> p1(3); # expresssion

As further pro of, let us try to “factor p 1”:

> factor(p1);

> factor(p1(x));

> factor(p1(y));

Whic h of these w ork ed? Do es the f actor function w ork on functions or expressions?

W e can define functions of man y v ariables just as easily as w e can functions of a single v ariable:

> f := (x,y) -> exp(-x)*sin(x);

> f(1, 2);

> g := (x,y) -> A*exp(-k*x)*sin(w*x);

> g(1,1);

> A := 2: k := 1.4: g(1,1);

> w := 3.7: g(1,1);

> A := ’A’; g(1,1);

Exercises

1. Define a function inv whic h sends a n um b er x to its recipro cal; define another function f whic h sends

x to sin x

x

. Study the b eha vior of f on the sequence x = 1 , 1 / 2 , 1 / 3 , ... 1 / 10 using map and inv .

2. Define a function l og ( x, b ) whic h computes the logarithm of of x to the base b .

7 . Lo ops

T o do a sequence of rep etitiv e calculations on a computer, y ou use a lo op . Let us try this to prin t out a

short table of square ro ots:

> for i from 1 to 10 do sqrt(i) od;

W e mo dify this sligh tly to get answ ers in floating p oin t form:

> Digits := 4: for i from 1 to 10 do evalf(sqrt(i)) od;

Results can b e accum ulated inside a lo op. W e illustrate this b y computing the sum of the first ten cub es,

1

3

+ 2

3

+ · · · + 10

3

> S := 0:

                                                                        for i from 1 to 10

do

S := S + i^3

od;

If y ou don’t w an t to see all the in termediate results, do this:

> S := 0:

                                                                        for i from 1 to 10

do

S := S + i^3

od:

                                                                        S;

F or more ab out lo ops, use

?for

There w e find out ab out the w hil e construction. As an example of ho w to use it w e find the n um b er of terms

suc h that the sum

H = 1 + 1 / 2 + 1 / 3 + · · · + 1 /n

exceeds a fixed limit L :

> H := 0;

                                                                        n := 0;

                                                                        L := 6;

                                                                        while (H < L)

do

n := n+1;

H := H + 1/n;

od:

                                                                        n;

Note that the lo op b o dy (the part b et w een do and od ) can con tain more than one statemen t.

Exercises

1. In the previous example w e lo ok ed at the sum

H = 1 + 1 / 2 + 1 / 3 + · · · + 1 /n.

W e kno w from calculus that as w e tak e larger and larger v alues of n this sum gets arbitrarily large.

If y ou c ho ose a n um b er L then no matter ho w large L is I can find a n um b er n so that the sum H is

bigger than y our n um b er L . In the example ab o v e w e computed ho w large n m ust b e if y ou c ho ose

L = 6. Find the v alue of n needed so that H will b e bigger than L if L = 16 , 26 , 36 , 46.

2. W rite a lo op that computes the v alue of m ( n ) = n

2

+ n + 41 for n from 0 to 25. In eac h case use the

function ispr ime to c hec k that m ( n ) is prime. No w extend y our lo op to compute the v alues of m ( n )

for n from 0 to 100. What pattern do y ou see?

3. In the previous exercise w e migh t easily b e mislead in to the conclusion that n

2

+ n + 41 will pro duce

a list of larger and larger prime n um b ers as w e let n increase since this w as true for the first 40 v alues

of n . This illustrates the danger of dra wing a general conclusion from c hec king a few cases. Consider

the sequence of o dd coun ting n um b ers:

1 , 3 , 5 , 7 , 9 , 11 , 13 , 15 , 17 , 19 , 21 , 23 , 25 , 27 , 29 , · · · .

Notice that the first term is just 1

3

. The sum of the next t w o terms is 8 or 2

3

. The sum of the next

three terms is 27 or 3

3

. The sum of the next four terms is 64 or 4

3

. Do es this pattern con tin ue? Use

Maple to c hec k that this pattern con tin ues up to at least 15

3

. Ho w could one b e sure that this pattern

con tin ues forev er?

8 . Calculus

Maple also do es calculus. With it y ou can compute deriv ativ es and in tegrals, b oth definite and indefinite,

find T a ylor series, and ev en solv e differen tial equations (or systems of them).

Differen tiation

Supp ose w e are giv en a function g defined b y

> g := x -> x^3 - 2*x + 9;

It seem natural to ask for its deriv ativ e. but w e m ust b e careful ho w w e phrase our command to Maple:

> diff( g, x ); # Maple interprets g as a constant.

> diff( g(x), x ); # Now Maple agrees with us on the meaning of g

The subtlet y here is that dif f op erates on expressions, not on functions: g is a function while g ( x ) is an

expression. Th us, w e could also sa y

> diff( x^3 - 2*x + 9, x );

T o compute the second deriv ativ e (the deriv ativ e of the deriv ativ e) w e do this:

> diff( x^3 - 2*x + 9, x, x );

An alternativ e w a y is to sa y

> diff( x^3 - 2*x + 9, x$2 );

This w orks b ecause the expression x $2 gets translated as the sequence x, x . By analogy , x $3 means x, x, x ,

so that

> diff( x^3 - 2*x + 9, x$3 );

computes the third deriv ativ e — the deriv ativ e of the deriv ativ e of the deriv ativ e.

W e can also compute partial deriv ativ es:

> q:=sin( x*y ); # expression, not function

> diff( q, x );

> diff( p/(q^2), x, y );

If it is not ob vious what this expression is compare it to the follo wing:

> diff( p/(q^2), x ); diff(", y);

In tegration

T o find the indefinite in tegral of a function, w e use int . F or example, to compute

∫

x n

dx

w e do this:

> int( x^n, x );

Here are some more examples:

> int( 1/x, x );

> int( sin(x), x );

> int( x*sin(x), x ); # Maple knows integration by parts

> int( sin(3*x + 1), x ); # And substitution

> int( (x^2 - 1)/(x^2 + 5*x + 4), x ); # And partial fractions

> int( sqrt(1-x^3), x ); # but it can’t do everything

Of course, w e can also compute definite in tegrals, e.g.,

∫

1

0 x

3

dx,

whic h w e do this w a y:

> int( x^3, x = 0..1 );

The only difference is that w e giv e the in terv al of in tegration. Y ou should b e a w are of the fact that w e can

compute definite in tegrals n umerically ev en when there is no in tegral in closed form. F or example, consider

∫

1

0

√

1 − x

3

dx

The corresp onding indefinite in tegral cannot b e expressed in terms of elemen tary functions — the functions

y ou mak e b y doing the usual op erations of algebra, together with extraction of ro ots on p olynomials, logs,

exp onen tials, trig functions, and their in v erses. Th us e arcsin x

2

is an elemen tary function. Ho w ev er, w e can

certainly find an appro ximate v alue for the definite in tegral ab o v e, accurate to an y precision w e w an t:

> int( sqrt(1 - x^3), x = 0..1 );

> evalf(");

Notice that (unlik e the previous definite in tegral) w e had to use ev al f to force n umerical ev aluation.

The fundamen tal theorem of calculus

No w let’s lo ok at the relationship b et w een differen tiation and in tegration.

> diff( x^2/(x+1), x );

> int(", x);

W e w ould exp ect these to matc h but they do not. Ha v e w e found an error? Let’s in v estigate further.

> d:=diff( x^2/(x+1), x); simplify( d );

> i:=int( d, x ); simplify( i );

No w p erhaps it is clear that there is no problem. W e ha v e v erified in one case that in tegrating the deriv ativ e

of a function giv es the original function bac k again (up to a constan t). Said in few er w ords, “in tegration

undo es what differen tion do es.” Question : do es differen tiation undo e what in tegration do es?

Other features

W e can compute limits:

> limit( g(x), x=infinity );

> limit( g(x), x=-infinity );

> limit( sin(x)/x, x=0 ); # limit

W e can also compute ta ylor series and do sums:

> taylor( exp(x), x=0, 4 ); # Taylor series of order 4

> sum(i^2, i=1..100); # sum of series

> sum(x^n, n=1..infinity);

Differen tial equations

T o solv e the diffferen tial equation

y

′′

+ y = 0

w e do this:

> deq:=diff( y(x),x ,x ) + y(x) =0;

> dsolve(deq, y(x) );

F or more information, consult ?dsolve . There y ou will find out ho w to solv e initial v alue problems, systems,

do series, n umerical, and Laplace transform solutions.

There is a sp ecial pac k age called ODE whic h allo ws y ou to plot line fields, v ector fields in tegral curv es,

etc. This pac k age is courtesy of Daniel Sc h w alb e. The main routines are

fieldplot: create a direction field plot for a first order ODE

phaseplot: create a phase plot with flow lines for two first order ODE’s

irsteuler: solves a first order ODE using Eulers method

impeuler: solves a first order ODE using the "improved Euler method"

rungekutta: numerical solution to a system of first order ODEs using

a 4’th order Runge-Kutta method. sion of rungekutta

T o use the pac k age (whic h resides in /u/cl/maple), t yp e

> read ‘ODE‘; # those are supposed to be backquotes, even

# if they don’t show as backquotes

Once this is done y ou can get more information ab out the ab o v e routines b y t yping ? f iel dpl ot , ? phasepl ot ,

etc. P a y sp ecial heed to the examples at the end of eac h help screen. They ma y help y ou more than the

general description do es.

9 . V ectors and Matrices

Maple can solv e systems of linear equations and p erform most of the computations y ou need to do with

v ectors and matrices. Y ou can add, m ultiply and in v ert matrices, compute determinan ts, do ro w reduction,

find eigen v alues and eigen v ectors, etc.

Linear equations

It is easy to solv e systems of linear equations:

> solve( { 2*x + 3*y = 1, 3*x + 2*y = 2 }, {x, y} );

> s := ";

> s[1];

In the second line w e assign the solutions to a v ariable s , and in third line w e displa y the first comp onen t of

the solution set, whic h is its x -v alue.

Basic v ector and matrix op erations

T o do more linear algebra, w e load the linear algebra pac k age:

> with(linalg); # load the package

As the pac k age loads, the functions defined in it are displa y ed. Next, w e define and displa y a v ector:

> v := vector( [1, -1] );

> v; # try to display it

> print(v); # try to display it another way

W e define another v ector and then do some computations — w e add v and w , and w e compute the dot

pro duct v · w :

> w := vector( [1, 1] ):

> add(v,w);

> dotprod(v,w);

Let’s no w define t w o matrices

> A := matrix( [[2, 3], [1, 2]] );

> B := matrix( [[1, 1], [0, 1]] );

T o displa y them w e use pr int :

> print(A); print(B);

Next, w e do some computations:

> add(A,B);

> multiply(A,B);

W e c hec k to see if AB = B A :

> multiply(B,A);

It is tiresome to t yp e “m ultiply” all the time, so w e in tro duce an alias:

> alias(m=multiply);

W e could also ha v e t yp ed m := multiply , but aliasing is more efficien t. (T o unalias, if necessary , w e t yp e

alias(m=m) ). No w w e can do the follo wing to m ultiply a matrix times a v ector:

                                                                                                                      > m(A,v); # matrix times vector

Note that Maple treats v ectors as columns, ev en though it displa ys them as ro ws (confusing, isn’t it?):

> m(v,A); # doesn’t work: Maple treats our vector as a column

> m(transpose(v), A); # transpose row to column

The latter w orks, but note that result is a column v ector, and so is displa y ed in a funn y w a y .

W e can also w ork with determinan ts (square matrices only!):

> det(A);

Of course, w e can also use sym b olic matrices:

> A := matrix( [[a, b], [c, d]] );

> det(A);

> a := 2; print(A);

Maple didn’t reflect the definition a := 2 , but it really is there, as w e see when w e do computations:

> det(A);

> a := ’a’; # unassign value

> det(A); # check determinant

If the determinan t of a square matrix is nonzero, the matrix has an in v erse A

− 1

. This is a matrix with the

prop ert y

AA

− 1

= A

− 1

A = I

where I is the n × n iden tit y matrix (one’s on the diagonal, zero es elsewhere). The iden tit y matrix satisfies

I x = x

for an y v ector x . The in v erse is useful in solving equations:

Ax = b

A

− 1

Ax = A

− 1

b

I x = A

− 1

b

x = A

− 1

b

Here is an example:

> A := randmatrix(4, 4, entries = rand(-2..2)); # create random matrix

> B := inverse(A);

> multiply(A,B); multiply(B,A); # check result

It is an in teresting fact that a matrix with random en tries is in v ertible with probabilit y one: the o dds fa v or

generation of in v ertible matrices. Note that y ou can also sa y

> A := randmatrix(4, 4);

In that case the en tries are random in tegers in the range [ − 99 , 99]

Ro w op erations and ro w reduction

The functions addr ow , mul r ow , sw apr ow allo w y ou to do ro w reduction. There are companion functions

for column op erations. T o ro w reduce a matrix, use g aussel im or g aussj or d . T o illustrate these, w e w ork

out an example. It illustrates the standard pro cedure for computing the in v erse of a matrix b y ro w reduction.

> A := matrix( [[3, 2, 2], [-3, -1, -2], [1, 1, 1]] );

> B := diag(1,1,1); # make 3x3 identity matrix

> C := augment(A,B); # make 3x6 matrix with A as left block, B as right block

> C := swaprow(C, 1, 3); # get a one in the (1,1) position

> C := addrow(C, 1, 2, 3); # start cleaning column 1

> C := addrow(C, 1, 3, -3); # finish cleaning column 1

> C := mulrow(C, 2, 1/2); # get a one in the (2,2) position

> C:= addrow(C, 1, 3, -3); # clean up lower part of column 2

> C := addrow(C, 2, 3, 3); # get a one in the (3,3) position

> C := addrow(C, 3, 2, -1/2); # start cleaning column 3

> C := addrow(C, 3, 1, -1); # finish cleaning column 3

> C := addrow(C, 2, 1, -1); # finish cleaning column 2

> D := submatrix(C, 1..3, 4..6); # extract right-hand block

> multiply(A,D); # check to see if D is inverse of A

Here is one more example:

> A := randmatrix( 3, 7, entries = rand(0..4) );

> gausselim(A);

> gaussjor(A);

Notice that g aussel im giv es the ro w ec helon form, while g aussj or d giv es the completely reduced ro w ec helon

form.

Eigen v alues and eigen v ectors

There will b e more in this space later. F or no w consult ? eig env al s , ? eig env ector s , and ? char pol y .

Ho w ev er, w e w ould lik e to men tion no w one n umerical metho d whic h is quite easy to implemen t in Maple.

Let A b e a matrix, x a v ector. F orm the pro duct y = Ax , then replace x b y y /y , where y is the norm, or

length. Rep eat this pro cess man y times and call the resulting v ector z . Then with probabilit y one the z is

v ery nearly an eigen v ector of A , pro vided that A has eigen v ectors. In fact, it appro ximates the eigen v ector

asso ciated with the eigen v alue of largest absolute v alue. That eigen v alue (the dominan t eigen v alue) is

appro ximately

λ =

Az · z

z · z

,

where the dot is the dot pro duct. Here is a definition of a Maple function whic h do es the necessary w ork:

deigenvector := proc(A,x,n)

                                     x[1] := x[1]/1.0; # force floating point calculations

                                     for i from 1 to n do

                                                                                                              x := multiply(A,x);

                                                                                                              x := scalarmul(x, 1/norm(x) );

                                                                                                              print(i, x );

                                     od;

                                     x;

end;

deigenval := proc(A,x)

                                                                         dotprod( multiply( A, x ), x )/dotprod( x, x );

end;

Here is an example:

> with(linalg):

> A := matrix( [[3,1], [1,2]] );

> v := vector( [1, 1]);

> w := deigenvector( A, v, 10);

> deigenval( A, w );

10 . Sa ving y our w ork

Y ou can sa v e y our w ork to a file using the function ”sa v e”, and y ou can read it from a file using ”read”.

T yp e

> ?save

> ?read

for instructions on ho w to use these.

11 . Getting help and more info

W e can get a lot of info b y t yping commands lik e:

> ?

> ?intro

> ?library

> ?fsolve

> ?taylor

> ?packages

If y ou ha v e tried these commands y ou see that they giv e a p erhaps o v erwhelming amoun t of information.

Muc h of it will b e incomprehensible for y ou at this p oin t. Eac h help en try ends with a list of examples and

related topics. These are usually the most helpful and comprehensible parts.

Bibliograph y

1. Bruce W. Char et al., First Lea v es: A T utorial In tro duction to Maple , W A TCOM Publications 1988,

pp. 115.

2. Bruce W. Char et al., Maple Reference Man ual , 5th Edition, W A TCOM Publications 1988, pp. 403.