Clines and Material Interfaces with Nonlocal Interaction

P. C. Fife Department of Mathematics University of Utah Salt Lake City, Utah 84112

To Ivar Stakgold on the occasion of his 70th birthday.^1

Abstract A natural nonlocal analog of the inhomogeneous nonlinear diffusion equation u_t = ∇ · A(x)∇u − f(u, x) is the equation u_t = ∫ Ω J(x, y − x)[u(y) − u(x)]dy − f(u, x), where J > 0. Under natural conditions on J and f, we establish here the existence of a spatially nonuniform stationary solution on the real line, satisfying given boundary conditions at ±∞, and representing a transition between two uniform states. Under additional conditions, it is unique and stable to a large range of perturbations. Because of the inhomogeneity of J and f, the solution may not be translated. Applications arise in the theories of grain boundaries and population clines.

1 Introduction

The results of this paper have bearing on continuum theories of clines in an inhomogeneous biological environment and to Allen-Cahn type theories of interfaces in inhomogeneous materials. In the first case, nonlocal migrational behavior is allowed, and in the latter, nonlocal interaction among states at different spatial locations. Our setting is one-dimensional, but when extended to higher dimensions, the results will also provide an integrodifferential analog of boundary value problems for semilinear elliptic equations (work in progress).

We begin with a description of the Allen-Cahn theory. Their original theory [3, 4, 5] was based on an order parameter u(x, t) describing

1in Nonlinear Problems in Applied Mathematics, T. S. Angell, L. Pamela Cook, R. E. Kleinman, and W. E. Olmstead, eds., 134-149, SIAM Publications, 1996. 1 the relevant properties of a solid material evolving according to gradient dynamics for a free energy functional E[u] = ∫ Ω [ 1 2 |∇u|^2 + W (u) ] dx. (1) The second term represents the bulk free energy of the system (in their paper, it was a double well function, but in the present case it will typically have a single well for each fixed x). The first term is a penalty exacted on any spatial nonuniformity, and of course represents a local interaction in this continuum model.

The L_2-gradient dynamics for this functional yields the following evolution equation for u: τu_t = Δu − f(u) (2) for a positive relaxation constant τ, where f(u) = W^′(u).

We now make the interaction (first) part of E (1) nonlocal, replacing it by^1_4 ∫ ∫ J(x − y)(u(x) − u(y))^2dxdy, where J is an even nonnegative L_1 function. Then the gradient evolution (2) is replaced by τu_t = J ∗ u − Ku − f(u), (3) where K = ∫ Ω J(x)dx and ∗ denotes convolution.

Nonlocal evolutions akin to this one have been proposed and studied before; see [14, 15, 16, 17, 18, 2, 11, 12, 19]. This specific equation was studied in [2, 9, 6].

If a basic inhomogeneity is imposed on the medium, so that its properties are described not merely by the values of u but also by the spatial position x [6], then in the above, the kernel J is a function J(x, y − x), and f = f(u, x). The evolution problem then is τu_t = J_x ∗ u − K(x)u − f(u, x), (4) where we define K(x) = ∫ Ω J(x, y − x)dy and J_x ∗ u = ∫ Ω J(x, y − x)u(y)dy. In all of the following, we assume A1. J(x, s) is smooth and decreases rapidly enough as s→∞, J(x, s) ≥ 0, J(x, s) = J(x, −s), K(x) > 0. We specialize to the case when Ω is the real line and for some a > 0 the functions J(x, s) and f(u, x) are independent of x for x < −a as well as for x > a. Thus the medium has a different character on the two sides of the x-interval |x| < a. The case a = 0, wherein the medium is discontinuous, is allowed, as indicated in the last section. We suppose there is a stable equilibrium of the kinetic equation τu_t = −f(u, x) for each fixed x in these two regions, denoted for definiteness by u = 1 (x > a) and u = 0 (x < −a). Our purpose is to investigate the possible stationary states u(x) representing a spatial transition from the state u = 0 to u = 1.

In the context of a simple model of crystalline solids, such a transition may represent an order parameter profile at the boundary between two adjoining materials with different properties but which share an order parameter field. Our prototypical example has f(u, x) = W_u(u, x), where W (u, x) = 1 2 u^2 − θ(x)u, θ(x) = 0 for x < −a, θ(x) = 1 for x > a. (5) Thus in the material on the left, W has a unique minimum at u = 0, and on the right it is at u = 1. However, our main theorem is stated in more general terms.

Inhomogeneities can also be imposed on the original Allen-Cahn model, and stationary profiles sought. This has been done, but in a population dynamical framework [7, 8, 10]. Then the transition solution may represent a cline or a spatial gradient in the population distribution of some species near the junction of two distinct habitats.

The spatial interaction described by the first two terms on the right of (4) would, in the population dynamical context, represent the tendency of the population to uniformize simply by random migration of its individuals. For example, at a local maximum of the population density, the sum of these terms would be negative, tending to drive the density downward at that point. As distinct from the model (2), the migration will generally be nonlocal in the sense that an individual can make “quick trips” over finite distances.

In this note, we establish the existence of spatially nonuniform stationary solutions of (4), typically of the form of monotone solutions which approach 0 as x→ − ∞ and 1 as x→∞. Their uniqueness and asymptotic stability relative to a wide class of perturbations will also be proved.

2 Comparison principles for the evolution problem

The equation (4) enjoys comparison principles very much like those in operation for (2). Some of them have been used in the context of similar equations (see most of the papers cited above following (3)). Their derivations follow along standard lines, but we review them here for reference and completeness.

We denote the right side of (4) by the (nonlinear) operator Mu. For simplicity, we set τ = 1. We take Ω to be the real line R.

Prop. 1 Let f be continuous in x and continuously differentiable in u, uniformly for x ∈ R, and let f(0, x) ≤ 0. Let u(x, t), for 0 ≤ t ≤ T , be a bounded continuous solution of u_t ≥ Mu, (6) u(x, 0) ≥ 0, continuously differentiable in t. Then u(x, t) ≥ 0 for all t ∈ [0, T ].

Proof For some α, β, ϵ > 0 let v(x, t) = u(x, t)e^{−αt} + ϵ(βt + x^2). Assume that v attains a negative value somewhere in the strip {(x, t) : t ∈ (0, T ]}. Then it must attain a minimum at some finite point (x_0, t_0) in the strip, because of the term in x^2. At that point, J_x ∗ v − Kv > 0 by A1. We note that

J_x ∗ x^2 − Kx^2 = ∫_∞ −∞ J(x, s)s^2ds, and we choose β to be larger than this number. The inequality (6) gives a corresponding inequality for v_t. For α large enough, this last inequality implies that v_t(x_0, t_0) > 0, which contradicts our assumption that v has a minimum there. Hence v(x, t) ≥ 0, and since this is true for all positive ϵ, the conclusion follows.

Prop. 2 Let f and u satisfy the regularity conditions of Prop. 2.1. Let u(x, t) be a bounded continuous solution of (4) in the above strip, with Mu(x, 0) ≥ 0. Then u_t ≥ 0 in the strip. The same result holds with the inequalities reversed.

Proof As for example in [1], one lets v(x, t) = u(x, t)−u(x, 0) and shows by Prop. 2.1 that it is nonnegative, so u(x, t) ≥ u(x, 0). Then for any positive δ, one sets w(x, t) = u(x, t + δ) − u(x, t) and shows it to be nonnegative, since it is so initially. Thus u(x, t + δ) − u(x, t) ≥ 0. Dividing by δ and passing to the limit, one obtains the conclusion.

Prop. 3 Let U_0(x), U_1(x) be bounded continuous functions satisfying MU_0 ≥ 0 ≥ MU_1, U_0 ≤ U_1. Then there exists a stationary solution U(x) of (4) satisfying U_0(x) ≤ U(x) ≤ U_1(x) for all x.

Proof Let u_0(x, t) be the evolving solution of (4) with initial data U_0. By Prop. 2.2, it is monotone in t, and it can be shown with Prop. 2.1 that u_0(x, t) ≤ U_1(x) always. Therefore u_0(x, t) approaches a limit U(x) pointwise. By the monotone convergence, J_x ∗u_0(x, t)→J_x ∗U(x). On a subsequence t_k depending on x, u_t(x, t_k )→0. Thus U satisfies (4).

3 Existence, uniqueness, and stability

In the following, we assume that f satisfies the hypothesis (for an example, see (5))

A2. The function f(u, x) is piecewise differentiable in x, differentiable in u uniformly for x ∈ R, and for some a > 0 satisfies f(u, x) < 0 for 0 < u < 1, x > a; f(u, x) > 0 for 0 < u < 1, x < −a; f(0, x) ≤ 0 ≤ f(1, x) for all x;

f(0, x) = 0 for x < −a; f(1, x) = 0 for x > a;

f(0, x) < 0 for some x; f(1, x) > 0 for some x.

For some results, we also require A3. The function f(u, x) is differentiable in x as well as u. It and the function J satisfy ∂f(u, x)/∂x ≤ 0, s∂J(x, s)/∂x ≥ 0, ∂f(u, x)/∂x < 0 for |x| < a, u ∈ (0, 1). Theorem 1 Under assumptions A1 and A2, there exists a nonconstant solution u(x) of J_x ∗ u − Ku − f(u, x) = 0 (7) with values between 0 and 1. If in addition A3 holds, then the solution is monotone in x and satisfies u(∞) = 1, u(−∞) = 0. (8) If J(x, s) is independent of the first variable x, then the solution is unique and asymptotically stable within the class of functions lying between any two of its translates.

Proof According to A2, the functions U_0 = 0, U_1 = 1 satisfy the hypotheses of Prop. 2.3, so we have the existence of a stationary solution u(x). Moreover, U_0 and U_1 are not exact solutions (by A2), so u lies strictly between them, for at least some values of x. (It can be shown that this is true for all x.) The assumption A2 ensures that there is no constant solution between those two values, so the solutions constructed are not constant. This completes the proof of the existence statement.

Now assume A3. Let u^∗(x, t) satisfy (4) with u^∗(x, 0) = 0, and let u(x) = lim_{t→∞} u^∗(x, t). First, we shall show that u^∗(x, t) is monotone increasing in x for all t. Take τ = 1 for simplicity. Differentiating (4), we find that the derivative p(x, t) = u^∗_x(x, t) satisfies p_t = J_x ∗ p − Kp − f_u(u, x)p + h(x, t), (9) where h(x, t) = ∫ J_1(x, y − x)[u(y, t) − u(x, t)]dy − f_x(x, u) and J_1(x, s) = ∂J(x, s)/∂x. We have p(x, 0) = 0 and wish to show that p remains nonnegative.

We adapt the proof of Prop. 2.1, setting v(x, t) = p(x, t)e^{−αt} + ϵ(βt + x^2). Assume that v does not remain nonnegative. Then there will be a greatest value t_0 ≥ 0 of t such that v(x, t) ≥ 0 for 0 ≤ t ≤ t_0, and a sequence of values t_k↓t_0 such that v(x, t_k ) < 0 for each k and some x depending on k. For simplicity, we take t_0 = 0, as the proof is similar if it is positive.

Because p is a bounded function of x for each t, we know that v(x, t_k) > 0 for large |x|, so there is a value x_k at which a negative minimum is achieved, for fixed t = t_k. By possibly decreasing some or all of the values t_k, we may in fact ensure that v_t(x_k, t_k) ≤ 0. (10)

We calculate v_t = (J_x ∗ p − Kp − f_u(u, x)p + h(x, t))e^{αt} − αpe^{−αt} + ϵβ = J_x ∗ v − Kv − (f_u(u, x) + α)v− −ϵ{J_x ∗ (βt + x^2) − K(βt + x^2) − (α + f_u)(βt + x^2)} + he^{−αt} + ϵβ. At any of the points (x_k , t_k), we have v < 0, J_x ∗ v − Kv > 0. Choose α and β so large that α + f_u(...) > 0 and β > J_x ∗ x^2 − Kx^2 ≡ β_0, as in Prop. 2.1. We then have v_t(x_k , t_k) > ϵ(β − β_0) + h(x_k , t_k)e^{−αt}. (11)

Because of our assumptions A3, we know that h(x, 0) ≥ 0 (in case t_0 > 0, the second inequality in A3 is needed at this point), so that by continuity we can ensure that this function is larger than an arbitrarily small negative number by choosing t = t_k sufficiently small. Therefore ¿From (11), v_t(x_k , t_k) > 0, which contradicts (10).

Therefore v remains positive, and since ϵ is arbitrary, p does as well, so that u^∗(x, t) is monotone increasing in x (as well as in t). Hence the limit function u(x) is monotone. The limits u(±∞) therefore exist. Letting |x|→∞ in (7), we see that the limits must be zeros of f, which does not depend on x for large |x|. By A2, the only possibilities are (8).

For any δ > 0, let w(x, t) be the solution of (4) with initial data w(x, 0) = u(x − δ). The assumption that f(u, x) is nonincreasing in x implies that Mw(x, 0) ≥ 0, so that by Prop. 2.1, w(x, t) lies, for all t, between u(x − δ) and u(x). Moreover, it is monotone increasing in t so approaches a monotone stationary solution u_1(x) as t→∞.

Now assume that J = J(x−y) is independent of the first argument. Then K(x) is a constant, which we take to be 1. Since ∫_∞ −∞ u^′(x)[J ∗ u − u]dx = 0 (direct verification), we know that ∫_∞ −∞ f(u(x), x)u^′(x)dx = ∫_1 0 f(u, x(u))du = 0, (12)

where x(u) is the inverse function to u = u(x). Similarly, the same equation holds with the symbol u in the first integral replaced by u_1 and the symbol x(u) in the second replaced by x_1(u), where x_1 is the inverse function generated by u_1(x). However, by its construction x_1(u) ≥ x(u). This fact, together with the third part of A3, ensure that ∫_1 0 f(u, x(u))du > ∫_1 0 f(u, x_1(u))du unless x(u) = x_1(u). Therefore this last equation holds. This in turn implies that the solutions u and u_1 are the same. A similar argument was used in [7].

By a sweeping argument, this establishes uniqueness of monotone solutions u(x) in the class of solutions that lie between u(x) and u(x − δ). A simple extension yields the same result in the class of functions between u(x + δ) and u(x − δ). It also establishes the asymptotic stability of u relative to the class of perturbations bounded in this way. This completes the proof.

4 Clines and discontinuities

In applications to clines, it is important to include functions f typified by f(u, x) = (1 − 2θ(x))u(1 − u), where the function θ is as in (5), and we require θ^′(x) > 0 for |x| < a. This function f satisfies all the hypotheses in A2 and A3 except the last one in A2. However, our results still hold; in the proof of the theorem, we simply construct the function U_0 = U_0(x) so that it has nontrivial compact support in {x > a}, is nonnegative, and is sufficiently flat. The function U_1 is changed in a similar manner.

Throughout the paper, we have assumed that a > 0, but in fact the results also hold for a = 0; this case represents a discontinuity in the underlying medium, such as happens when two homogeneous materials adjoin at the point x = 0. To obtain these stationary solutions, one lets u_a(x) be those constructed above, and takes the limit as a→0. Since all the u_a are monotone, a limit along a subsequence exists everywhere and produces a solution of (7) with a = 0.

We have not mentioned the regularity of the solution u(x) of (7), but it may or may not be continuous, even for a > 0. Such phenomena are studied in [2].

Acknowledgment

I am grateful to the I. Newton Institute, University of Cambridge, where this research was performed.

References

[1] D. G. Aronson and H. F. Weinberger, Multidimensional nonlinear diffusion arising in population genetics, Advances in Math. 30, 33-76 (1978).

[2] Peter W. Bates, Paul C. Fife, Xiaofeng Ren, and Xuefeng Wang, Traveling waves in a convolution model for phase transitions, Arch. Rat. Mech. Anal., to appear.

[3] J. W. Cahn, Theory of crystal growth and interface motion in crystalline materials, Acta Metallurgica 8, 554-562 (1960).

[4] J. W. Cahn and S. M. Allen, A microscopic theory for domain wall motion and its experimental verification in Fe-Al alloy domain growth kinetics, J. de Physique 38 Colloque C7, 51-54 (1977).

[5] J. W. Cahn and S. M. Allen, A microscopic theory for antiphase boundary motion and its application to antiphase domain coarsening, Acta. Met. 27, 1085-1095 (1979).

[6] P. C. Fife, An integrodifferential analog of semilinear parabolic PDE’s, pp. 137=145 in Partial Differential Equations and Applications, P. Marcellini, G. Talenti, and E. Vesentini, eds., Lecture

Notes in Pure and Applied Mathematics Vol. 177, Marcel Dekker Inc., 1996.

[7] P. C. Fife and L. A. Peletier, Nonlinear diffusion in population genetics, Arch. Rat. Mech. Anal. 64, 93-109 (1977).

[8] P. C. Fife and L. A. Peletier, Clines with variable selection and migration, Proc. Roy. Soc. Lon. B214, 99-123 (1981).

[9] Paul C. Fife and Xuefeng Wang, A convolution model for phase transitions: the generation and propagation of internal layers in higher space dimensions, preprint.

[10] W. H. Fleming, A selection-migration model in population genetics, Jour. Math. Biol. 2, 219-233 (1975).

[11] M. A. Katsoulakis and P. E. Souganidis, Generalized motion by mean curvature as a macroscopic limit of stochasic Ising models with long range interactions and Glauber dynamics, Commun. Math. Phys. 169, 61-97 (1995).

[12] M. A. Katsoulakis and P. E. Souganidis, Interacting particle systems and generalized front propagation, Arch. Rat. Mech., in press.

[13] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Glauber evolution with Kac potentials, I. Mesoscopic and macroscopic limits, interface dynamics. Preprint.

[14] A. de Masi, T. Gobron, and E. Presutti, Travelling fronts in non local evolution equations, Arch. Rat. Mech. Anal., to appear.

[15] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Motion by curvature by scaling nonlocal evolution equations, J. Stat. Physics 73, 543-570 (1993).

[16] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Stability of the interface in a model of phase separation, Proc. Roy. Soc. Edinburgh 124A , 1013-1022 (1994).

[17] A. de Masi, E. Orlandi, E. Presutti, and L. Triolo, Uniqueness of the instanton profile and global stability in non local evolution equations, Rend. Math., 14, 693-723 (1994).

[18] O. Penrose, A mean field equation of motion for the dynamic Ising model, J. Stat. Phys. 63, 975-986 (1991).

[19] P. E Souganidis, Interface dynamics in phase transitions, in Proceedings of the International Congress of Mathematicians 1994.