P arametrization-In v arian t Marc hing Metho d for SSI

Kang Zhao

Departmen t of Mathematics

Univ ersit y of Utah

Salt Lak e Cit y , UT 84112, USA

Marc h, 1995

ABSTRA CT

A marc hing metho d is presen ted for the computation of the in tersection of t w o generic parametric

surfaces. In the marc hing metho d, preimage curv es are parametrized b y the arc length of the

in tersection curv e. Algorithms are pro vided for constructing predictors of high precision, adjusting

the marc hing step size, and computing the tangen t directions at double p oin ts and triple p oin ts.

Key W ords: marc hing metho d, marching step size, double p oin ts, triple p oin ts, parametric sur-

faces, predictor, surface-surface in tersection

1. In tro duction

The so-called surface-surface in tersection problem is to calculate the t w o preimages in the 2D domains

of the in tersection curv es of t w o surfaces in the 3D image space. The surface-surface in tersection problem

has b een of in terest in geometric mo deling for decades and a n um b er of metho ds ha v e b een prop osed and

implemen ted. A comprehensiv e list of references on the surface-surface in tersection problem can b e found

in An SSI Bibliograph y [F arin, 92]. Essentially there are tw o t yp es of metho ds for the surface-surface

in tersection problem: marc hing metho d and divide-and-conquer metho d b y the sub division tec hnique. In

this pap er w e are in terested in the marc hing metho d only .

There are n umerous marc hing metho ds published. The essen tial ideas of marc hing metho ds are similar:

With an initial p oin t on an in tersection curv e and its t w o preimages in the domains some strategy is used

to calculate a neigh b oring p oin t on the curv e and its preimages and rep eat this pro cess so that sufficien tly

man y p oin ts and their preimages are calculated. Therefore marc hing metho d is also called curv e-tracing

metho d. Most of the strategies used in marc hing metho ds are of the same t yp e: predictor and corrector. As

it con v erges quadratically with a prop er initial guess, the Newton-Raphson iteration is chosen as a corrector

in almost all marc hing metho ds. Comparing the kno wn marc hing metho ds, one will see v arious predictors

are constructed according to v arious considerations in applications. As usual, robustness and efficiency are

the t w o factors considered in the construction of predictors. Esp ecially for those whose corrector is based

on the Newton-Raphson iteration, the construction of an accurate predictor is critically imp ortan t for the

robustness. Tw o t yp es of predictors hav e been seen in the literature. One is to predict the neighboring point

on the in tersection curv e in the 3D space and then to obtain its preimages in b oth domains. F or con v enience,

w e call the predictors of this t yp e 3D-predictor. As sho wn in [F aux et al, 79], the preimages migh t b e found

via calculating the in tersection p oin t of the t w o surfaces with another auxiliary surface through Newton-

Raphson iteration. The resulting Newton-Raphson iteration in v olv es a linear system of size 6 Θ 6(or 4 Θ 4

if the auxiliary surface is a sphere). Hence it is quite exp ensiv e to solv e the resulting linear system and to

adjust the marc hing step size for the con v ergence of the Newton-Raphson iteration. [Barnhill et al, 87] and

[Barnhill et al, 90] prop osed a metho d to find the preimages b y pro jecting a p oin t on the tangen t line of the

in tersection curv e to the t w o surfaces in the 3D space. Therefore the correctness of the pro jection will affect

the robustness. The other t yp e of predictor is to predict the preimages of the neigh b oring p oin t directly

in the 2D domains as did [Ba ja j et al, 88] [Ba ja j et al, 94] [Chen et al, 88]. W e call the predictors of the

latter t yp e 2D-predictor. Our predictor is a 2D-predictor. W e prefer 2D-predictors b ecause our ob jectiv e is

to compute the preimages and w e b eliev e that 2D-predictors are more efficien t than 3D-predictors. As did

[Ba ja j et al, 94], w e construct predictors via the T a ylor expansion form ula around a p oin t on the preimages

and parametrize the preimages b y the arc length of the corresp onding in tersection curv e. Our algorithms

for computing the deriv ativ es of the preimages are similar to the one of [Ba ja j et al, 94]. [Ba ja j et al, 94]

pro vided only the algorithms for computing the deriv ativ es of order ˇ 4. As w e shall see in Section 3, the

deriv ativ es of the preimages of order ˘ 5 can b e computed when the curv ature of the in tersection curv e do es

not v anish.

It is common to construct predictors via the T a ylor expansion form ula for the surface-surfaces in tersec-

tion problem. It is clear that the truncation error in the T a ylor expansions dep ends on the parametrization

of the preimages. As w e parametrize the preimages b y the arc length of the in tersection curv e, the resulting

predictors do not dep end on the parametrizations of the surfaces. P arametrization-in v ariance is not the only

adv an tage of using the arc length as the common parameter for b oth preimages. It also helps solv e the

problem of determining the marc hing step size. As it is w ell kno wn, c ho osing the marc hing step size prop erly

is critical for an y marc hing metho d b ecause it determines the robustness and efficiency of the metho d. The

sensitivit y of step size is clearly determined b y the parametrization of the preimages. As w e c ho ose the arc

length of the in tersection curv e as the common parameter, the step size in our marc hing metho d is mea-

sured in the arc length of the in tersection curv e. Therefore it reduces the sensitivit y of the step size in our

marc hing metho d. An algorithm for adjusting the marc hing step size is given in Section 4. The algorithm is

constructed to guaran tee the con v ergence of the Newton-Raphson iteration. Compared to other algorithms

for adjusting step sizes, our algorithm do es not need to compute matrix norms b ecause it only needs the first

order and the second order deriv ativ es of the preimages. In order to obtain accurate prediction and to deal

with double p oin ts where t w o in tersection curv es are tangent to eac h other, we should use those predictors

that use the deriv ativ es of the preimages of order ˘ 2. When suc h a predictor is used, it do es not need

an y extra computation to adjust the marc hing step size. In addition, the deriv ativ es of the preimages also

enable us to deal effectiv ely with t w o t yp es of degenerate p oin ts: double p oin ts and triple p oin ts where t w o

or three in tersection curv es in tersect. As we know, when the surfaces do not ha ve the same tangent plane at

an in tersection p oin t, the tangent direction of the in tersection curv e can b e obtained from the in tersection

line of the t w o tangen t planes. This metho d fails at the double p oints and the triple p oints at whic h the tw o

tangen t planes often coincide. Algorithms for computing the tangen t directions at double p oin ts and triple

p oin ts are pro vided in Section 5. In the algorithms, the tangen t directions are computed b y finding the zeros

of a quadratic form or a cubic form, dep enden t on at a double p oin t or at a triple p oin t. As the predictor can

pro vide a go o d approximation of the first order deriv ativ es of the preimages, the correct tangent direction

can b e c hosen accordingly . F or other t yp es of degenerate p oin ts, the metho d prop osed b y [B ¨ urger et al, 94]

is implemen ted. In this metho d, if a surface patc h con tains a degenerate p oint then it is sub divided so that

the marc hing metho d can b e applied to those subpatc hes that do not con tain degenerate p oin ts. In Section 6

the computation of initial p oin ts is discussed. W e implemen t a sub division metho d to find the initial p oin ts

through quadtrees. Therefore, the computation of initial p oin ts is robust but exp ensiv e. F or the douple

p oin ts and the triple p oin ts, our algorithms enable us to find the tangen t directions so that the marc hing

pro cess con tin ues. The discussion of detecting recomputations is giv en in Section 7.

2. Prediction

Let F and G b e t w o regular parametric surfaces defined resp ectively on rectangular domains D

F and

D

G

:

F : (u; v ) 2 D

F

7!

0

@ xf (u; v )

y f (u; v )

z f (u; v )

1

A

and G : (¯; ˚ ) 2 D

G

7!

0

@ xg (¯; ˚ )

y g (¯; ˚ )

z g (¯; ˚ )

1

A

and let C b e one of the in tersection curv es of surface F and surface G: C æ F “ G. W e parametrize C with

its arc length s. When F and G do not ha v e the same tangen t plane along C , C is a regular curv e. I.e., C

has a nonzero tangen t v ector ev erywhere. If w e denote by F

u and F

v the deriv ativ es of F in the u-parameter

and in the v -parameter resp ectiv ely , then the unit normal v ector of F can b e calculated b y

N

F

:=

F

u

Θ F

v

kF

u

Θ F

v k

:

Analogously

, the unit normal v ector of G is

N

G

:=

G

¯

Θ G

˚

kG

¯

Θ G

˚ k

:

As C lies on F and G , the deriv ative of C , denoted b y C

0

, is p erp endicular to b oth N

F and N

G

. Therefore,

C

0

is parallel to the cross-pro duct of N

F with N

G

:

N

F

Θ N

G

:

By the assumption that the t w o surfaces do not hav e the same tangen t plane along C , N

F

Θ N

G do es not

v anish along C . Since C is parametrized by its arc length, the length of C

0

equals 1. It follo ws that

T := C

0

= Σ

N

F

Θ N

G

kN

F

Θ N

G k

: (2:1)

The c hoice of Σ dep ends on the marc hing direction.

Denote the preimages of C (s ) in D

F and D

G resp ectiv ely b y

f (s) := (u(s); v (s))

and

g (s) := (¯(s); ˚ (s)):

Then, C (s) = F (u(s); v (s)) = G (¯ (s ); ˚ ( s)). In this section we show, for a given step size h , how to predict

the preimages of C (s + h) in D

F and in D

G

, assuming that the preimages of C (s ) is kno wn.

Denote b y (u

0

; v

0

) and (¯

0

; ˚

0

) the deriv ativ es of f and g against s, resp ectively

, and use similar notation

for the higher order deriv ativ es. It is natural to predict the preimages of C (s + h) b y

f (s + h) = ( u( s) + u

0

(s)h; v (s) + v

0

(s)h) + O (h

2

); (2:2)

g (s + h) = ( ¯( s) + ¯

0

(s)h; ˚ (s) + ˚

0

(s)h) + O (h

2

): (2:3)

W e note that h is the step size measured in the arc length of the in tersection curv e C . Th us w e need to

calculate (u

0

(s); v

0

(s)) and ( ¯

0

(s); ˚

0

(s)) for the prediction. F rom (2.1) w e obtain

F

u u

0

(s) + F

v v

0

(s) = Σ

N

F

Θ N

G

kN

F

Θ N

G k

and

G

¯

¯

0

(s) + G

˚

˚

0

(s) = Σ

N

F

Θ N

G

kN

F

Θ N

G k

:

The c hoice of Σ dep ends the marc hing direction along the curv e. Th us w e can calculate (u

0

; v

0

) b ecause F

u

and F

v are linearly indep enden t, and similarly for ( ¯

0

; ˚

0

).

Algorithm for First Order Predictor

(1) F or a giv en initial p oin t P = F ( u; v ) = G(¯; ˚ ), calculate F

u

, F

v

, G

¯

, and G

˚ at (u; v ) and (¯; ˚ )

resp ectiv ely .

(2) Find the normal N

F and the normal N

G

: N

F

=

F

u

ΘF

v

kF

u

ΘF

v k

, N

G

=

G

¯

ΘG

˚

kG

¯

ΘG

˚ k

.

(3) Find the unit tangen t v ector: T = N

F

Θ N

G

=kN

F

Θ F

G k.

(4) Find u

0

and v

0

b y solving T = F

u u

0

+ F

v v

0

.

(5) Find ¯

0

and ˚

0

b y solving T = G

¯

¯

0

+ G

˚

˚

0

.

(6) Up date (u; v ): u = u + u

0

h and v = v + v

0

h.

(7) Up date (¯; ˚ ): ¯ = ¯ + ¯

0

h and ˚ = ˚ + ˚

0

h.

In implemen tation one should c hec k whether k N

F

Θ N

G k is less than a giv en p ositiv e n um b er that con trols

the tolerance of the smallest angle b et w een the t w o tangen t planes. F or the other marc hing direction the

role of surface F and surface G should b e switc hed.

The ab o v e-presen ted first-order predictor can b e implemen ted when w e are only pro vided with the

function ev aluators and the first-order deriv ativ e ev aluators. As the t w o preimages are planar curves, their

geometry information cannot b e predicted adequately if their second-order deriv ativ es are not used in the

prediction. Esp ecially

, when one of the preimages has a large curv ature at the curren t p oin t and the step

size is not sufficien tly small, the first-order predictor ma y result in div ergence of the corrector whic h usually

is constructed based on the Newton-Raphson iteration. As p oin ted out early

, the first order predictor cannot

deal with double p oin ts where t w o in tersection curv es are tangen t to eac h other. Therefore, it is of necessit y

to ha v e a second-order predictor whic h in addition uses the kno wledge of the curv atures of the preimages

when the second-order deriv ativ e ev aluators are a v ailable.

When F and G ha v e con tin uous second order deriv ativ es, w e can compute the second order deriv ativ es

of u, v , ¯, and ˚ as follo ws. Note that

C

00

(s) = F

u u

00

(s) + F

v v

00

(s) + A

F

(s)

and

C

00

(s) = G

¯

¯

00

(s) + G

˚

˚

00

(s) + A

G

(s);

where

A

F

(s) = F

uu

(u

0

(s))

2

+ 2F

uv u

0

(s)v

0

(s) + F

v v

(v

0

(s))

2

and

A

G

(s) = G

¯¯

(¯

0

(s))

2

+ 2G

¯˚

¯

0

(s)˚

0

(s) + G

˚ ˚

(˚

0

(s))

2

are kno wn. Since C

00

(s) = T

0

(s) and T (s) is a unit v ector, T

0

(s) is orthogonal to T (s). Therefore T

0

(s) is

on the plane spanned b y the normal v ectors N

F and N

G

:

T

0

(s) = F

u u

00

(s) + F

v v

00

(s) + A

F

(s) = c

F

N

F

+ c

G

N

G

(2:4)

and

T

0

(s) = G

¯

¯

00

(s) + G

˚

˚

00

(s) + A

G

(s) = c

F

N

F

+ c

G

N

G

(2:5)

for some constan t scalars c

F and c

G

. Therefore the curv ature of C (s) is

ˇ = kT

0

k = kc

F

N

F

+ c

G

N

G k: (2:6)

` ´ ` ´ `´

Multiplying (2.4) and (2.5) b y N

F and N

G resp ectiv ely , w e can find c

F and c

G via solving

1 hN

F

; N

G i

hN

G

; N

F i 1 c

F

c

G

= hN

F

; A

F

(s)i

hN

G

; A

G

(s)i

: (2:7)

Here and b elo w, hΔ; Δi represents the dot pro duct. As the matrix on the left side of (2.7) is symmetric and

p ositiv e definite, one can use Gaussian elimination without piv oting to solv e (2.7). Th us w e can obtain

(u

00

(s); v

00

(s)) and ( ¯

00

(s); ˚

00

(s)) b y solving

F

u u

00

(s) + F

v v

00

(s) = c

F

N

F

+ c

G

N

G

Γ A

F

(s)

and

G

¯

¯

00

(s) + G

˚

˚

00

(s) = c

F

N

F

+ c

G

N

G

Γ A

G

(s):

Algorithm for Second Order Predictor

(1) Carry out (1) to (5) in the ab o v e Algorithm for First Order Predictor.

(2) Compute A

F

= F

uu

(u

0

)

2

+ 2F

uv u

0

v

0

+ F

v v

(v

0

)

2

:

(3) Compute A

G

= G

¯¯

(¯

0

)

2

+ 2G

¯˚

¯

0

˚

0

+ G

˚ ˚

(˚

0

)

2

:

(4) Compute c

F and c

G from (2.7).

(5) Find u

00

and v

00

b y solving F

u u

00

+ F

v v

00

= c

F

N

F

+ c

G

N

G

Γ A

F

.

(6) Find ¯

00

and ˚

00

b y solving G

¯

¯

00

+ G

˚

˚

00

= c

F

N

F

+ c

G

N

G

Γ A

G

.

(7) Up date (u; v ): u = u + u

0

h + u

00

h

2

=2 and v = v + v

0

h + v

00

h

2

=2.

(8) Up date (¯; ˚ ): ¯ = ¯ + ¯

0

h + ¯

00

h

2

=2 and ˚ = ˚ + ˚

0

h + ˚

00

h

2

=2.

Since hN

F

; A

F i = h N

F

; T

0

i and hN

G

; A

G i = h N

G

; T

0

i, their absolute v alues are the normal curv ature

of C on the corresp onding surface. F rom the algorithm w e see that when the first order deriv atives of the

preimages are kno wn, the second order deriv ativ es can b e computed ev en if the t w o surfaces hav e the same

tangen t plane at this p oin t.

3. Calculation of High Order Deriv ativ es

When the construction of predictors of higher order is in order, one needs an algorithm to calculate the

higher order deriv ativ es. W e in this section sho w ho w to calculate the high order deriv ativ es of the preimages

of the in tersection curv e C , assuming that the curv ature of C do es not v anish. W e first illustrate ho w to

calculate the third order deriv ativ es of the preimages.

Calculation of the Third Order Deriv ativ es

Let N (s) and B (s) b e resp ectiv ely the principal normal v ector and the binormal v ector of C (s) and

denote b y ˇ(s) and ø (s ) resp ectiv ely the curv ature and the torsion of C (s ). Then b y the F renet equations,

0

@

T

0

N

0

B

0

1

A

=

0

@

0 ˇ 0

Γˇ 0 ø

0 Γø 0

1

A

0

@

T

N

B

1

A

:

Differen tiating T

0

results

T

00

= ˇ

0

N + ˇ(ΓˇT + ø B ) = Γˇ

2

T + ˇ

0

N + ˇø B :

` ´ ` ´ `´

It follo ws that T

00

+ ˇ

2

T is p erp endicular to T . Thus it is a linear combination of N

F and N

G

, while ˇ and

T are kno wn from (2.1) and (2.6). Therefore, there are t w o constan t scalars c

F and c

G suc h that

T

00

+ ˇ

2

T = c

F

N

F

+ c

G

N

G

:

On the other hand w e ha v e that

T

00

= F

u u

000

+ F

v v

000

+ A

F

(s)

and

T

00

= G

¯

¯

000

+ G

˚

˚

000

+ A

G

(s);

where

A

F

(s) =F

uuu

(u

0

)

3

+ 3F

uuv

(u

0

)

2

v

0

+ 3F

uv v u

0

(v

0

)

2

+ F

v v v

(v

0

)

3

+

3F

uu u

0

u

00

+ 3F

uv

(u

00

v

0

+ u

0

v

00

) + 3F

v v v

0

v

00

and

A

G

(s) =G

¯¯¯

(¯

0

)

3

+ 3G

¯¯˚

(¯

0

)

2

˚

0

+ 3G

¯˚ ˚

¯

0

(˚

0

)

2

+ G

˚ ˚ ˚

(˚

0

)

3

+

3G

¯¯

¯

0

¯

00

+ 3G

¯˚

(¯

00

˚

0

+ ¯

0

˚

00

) + 3G

˚ ˚

˚

0

˚

00

:

Note that T is p erp endicular to b oth N

F and N

G

. W e can solv e the follo wing system for c

F and c

G

:

1 hN

F

; N

G i

hN

F

; N

G i 1 c

F

c

G

= hN

F

; A

F i

hN

G

; A

G i

:

After finding c

F and c

G w e can compute the third order deriv ativ e of ¯, v , ¯, and ˚ from

F

u u

000

+ F

v v

000

= c

F

N

F

+ c

G

N

G

Γ ˇ

2

T Γ A

F

and

G

¯

¯

000

+ G

˚

˚

000

= c

F

N

F

+ c

G

N

G

Γ ˇ

2

T Γ A

G

:

After obtaining c

F and c

G

, w e comput ˇ

0

and ø as follo ws:

ˇ

0

= hc

F

N

F

+ c

G

N

G

; N i;

ˇø = hc

F

N

F

+ c

G

N

G

; B i:

Hence, w e need to assume that ˇ 6= 0 in order to compute ø .

Calculation of High Order Deriv ativ es

The metho d for the calculation of deriv ativ es of order higher than the third is similar to the one for the

third order deriv ativ es. F or completeness we use the induction metho d on the order. F rom the ab o v e w e see

that

T

000

= (Γ3ˇˇ

0

)T + (ˇ

00

Γ ˇ

3

Γ ˇø

2

)N + (ˇø

0

+ 2ˇ

0

ø )B :

Assume that, for j ˘ 2, w e ha v e calculated ˇ

(i)

for i = 0; 1; :::; j Γ 1 and ø

(i)

for i = 0; 1; :::; j Γ 2 and that

T

(j )

(s) = aT (s) + (ˇ

(j Γ1)

(s) + b) N ( s) + (ˇ(s)ø

(j Γ2)

(s) + c) B ( s) ;

has considered the c hoice of step size for the con v ergence of Newton-Raphson iteration. The step size also

determines the n um b er and the p ositions of the p oin ts to b e computed on the in tersection curv e. As a

marc hing metho d calculates a finite n um b er of p oin ts on the in tersection curv e only

, ev en tually one needs

some in terp olation sc heme through these p oin ts to appro ximate the in tersection curv e. Th us the step size

also determines the appro ximation to the in tersection curv e. One kno wn metho d for c ho osing the step size

is to c ho ose an angle with resp ect to the osculating circles for the in tersection curv e and the t w o preimages

[F aux et al, 79]. Th us the computation or an accurate approximation of the second order deriv ativ es of the

preimages is necessary for c ho osing the step size. As the step size in our metho d is measured in the arc

length of the in tersection curv e, w e do not need to app eal to the osculating circles, ev en for the case where

the first order predictor is used.

The new feature of our algorithm for adjusting the marc hing step size is that it concerns only the t w o

preimages of the in tersection curv e in the parameter domains and do es not need to compute matrix norms.

The exp ense of the tec hnique is to compute the second order deriv ativ es and it seems inevitable for adjusting

the step size. As p oin ted out earlier, it is necessary to calculate the second order deriv ativ es of the preimages

in order to predict the geometry of the in tersection curv e and its preimages.

As the Newton-Raphson iteration is used to find the in tersection p oin t of the surface F with the curv e

on surface G corresp onding to

¯ = ¯

0

Γ t˚

0

(s); ˚ = ˚

0

+ t¯

0

(s); (4:5)

with

u

0

= u(s) + u

0

(s)h + u

00

(s)h

2

=2;

v

0

= v (s) + v

0

(s)h + v

00

(s)h

2

=2;

¯

0

= ¯(s) + ¯

0

(s)h + ¯

00

(s)h

2

=2;

˚

0

= ˚ (s) + ˚

0

(s)h + ˚

00

(s)h

2

=2:

Fig. 1.

The parameters (¯

Λ

; ˚

Λ

) of the in tersection p oin t on C in the domain D

G

is the in tersection p oin t of the

preimage in D

G

with the straigh t line (4.5), see Fig. 1. If w e ha v e the formulas of the ¯ (s ) and the ˚ (s ),

10

then w e can use the Newton-Raphson iteration to find the in tersection p oin t (¯

Λ

; ˚

Λ

) first then determine

the parameters in D

F

. T o find ( ¯

Λ

; ˚

Λ

) w e need to solv e

¯(s + Δs ) Γ ¯

0

+ Δt˚

0

(s) = 0

˚ (s + Δs ) Γ ˚

0

Γ Δt¯

0

(s) = 0

(4:6)

for (Δs; Δt) with initial guess (0 ; 0). The Newton-Raphson iteration sc heme giv es

Δs

Δt

= ΓJ

Γ1

¯(s) Γ ¯

0

˚ (s) Γ ˚

0

;

where J is the Jacobian:

J =

¯

0

(s) ˚

0

(s)

˚

0

(s) Γ¯

0

(s)

:

When ¯

0

(s) 6= 0 or ˚

0

(s) 6= 0, J is in v ertible and

J

Γ1

=

1

(¯

0

(s))

2

+ (˚

0

(s))

2

¯

0

(s) ˚

0

(s)

˚

0

(s) Γ¯

0

(s)

: (4:7)

As ¯

0

Γ ¯(s) = ¯

0

(s)h + ¯

00

(s)h

2

=2 and ˚

0

Γ ˚ (s ) = ˚

0

(s)h + ˚

00

(s)h

2

=2, w e therefore obtain that

Δs

Δt

=

1

0

(s))

2

+ (˚

0

(s))

2

¯

0

(s) ˚

0

(s)

˚

0

(s) Γ¯

0

(s)

¯

0

(s)h + ¯

(s)h

2

=2

˚

0

(s)h + ˚

(s)h

2

=2

:

Therefore,

Δs = h +

¯

0

(s)¯

00

(s) + ˚

0

(s)˚

00

(s

)

0

(s))

2

+ (˚

0

(s))

2 h 2

=2 (4:8) and

Δt =

˚

0

(s)¯

(s) Γ ¯

0

(s)˚

00

(s

)

0

(s))

2

+ (˚

0

(s))

2 h 2

=2: (4:9)

Define

’(Δs; Δt) := ¯(s + Δs ) Γ ¯

0

0

(s)

(Δs; Δt) := ˚ (s + Δs ) Γ ˚

0

0

(s):

Assume that (Δ s

Λ

; Δt

Λ

) is the solution for (4.6). Then ’(Δs

Λ

; Δt

Λ

) = 0 and (Δs

Λ

; Δt

Λ

) = 0, and

E

1

:=

Δs

Λ

Γ Δs

Δt

Λ

Γ Δt

= Δs

Λ Λ

+ J

Γ1

’(0; 0) Γ ’(Δ s

Λ

; Δt

Λ

)

(0; 0) Γ (Δ s

Λ

; Δt

Λ

)

:

Let

H

’

:=

¯

00

(s) ¯

0

(s) + ˚

0

(s)

¯

0

(s) + ˚

0

(s) 0

H

:=

˚

00

(s) ˚

0

(s) Γ ¯

0

(s)

˚

0

(s) Γ ¯

0

)(s) 0

:

Denote E

0

:= (Δs

Λ

; Δt

Λ

)

T

. By the T a ylor expansions of ’ and ,

E

1

=

1

2

J

E

T

0

H

’

E

0

E

T

0

H

E

0

+ O (h

3

):

11 It follo ws that

kE

1 k

2

ˇ

1

2 kJ

Γ1

k

2 q

jE

T

0

H

’

E

0 j

2

+ jE

T

0

H

E

0 j

2

+ O (h

3

)

ˇ

1

2

k

2 kE

0 k

2

2 q

kH

’ k

2

2

+ kH

k

2

2

+ O (h

3

):

Discarding the term O (h

3

), w e can exp ect the con v ergence of the Newton-Raphson iteration when

1

2

k

2

0 k

2 q

kH

’ k

2

2 k

2

2

¡ 1: (4:10)

F or small h, (Δs; Δt)

T

should b e close to E

0

= (Δs

Λ

; Δt

Λ

)

T

. F or practical applications, w e ma y replace E

0 b y the v ector (Δs; Δt)

T

for the purp ose of adjusting the step size h. F rom (4.8) and (4.9) w e kno w that kE

0 k

2

2

’ h

2

+

¯

0

(s)¯

00

(s) + ˚

0

(s)˚

00

(s

)

(¯

0

(s))

2

+ (˚

0

(s))

2 h 3

+

(¯

00

(s))

2

+ (˚

00

(s))

2

0

(s))

2

+ (˚

0

(s))

2 h 4

=4

ˇ h

2

+

(¯

00

(s))

2

+ (˚

00

(s))

2

0

(s))

2

+ (˚

0

(s))

2 h 3

+

(s))

2

+ (˚

(s))

2

0

(s))

2

+ (˚

0

(s))

2 h 4

=4

= h

2

1 +

(¯

(s))

2

+ (˚

(s))

2

0

(s))

2

+ (˚

0

(s))

2 h=2

2

:

F rom (4.7) w e obtain

kJ

k

2

2

=

1

0

(s))

2

+ (˚

0

(s))

2

:

Since

kH

’ k

2

= j¯

00

(s)j + p

j¯

00

(s)j

2

+ 4j¯

0

(s) + ˚

0

(s)j

2

2and

kH k

2

= j˚

00

(s)j + p

j˚

00

(s)j

2

+ 4j¯

0

(s) Γ ˚

0

(s)j

2

2

;

kH

’ k

2

2

+ kH

k

2

2

=1=2(j¯

00

(s)j

2

+ j˚

00

(s)j

2

) + 2(j ¯

0

(s)j

2

+ j˚

0

(s)j

2

)

+ 1=2(j¯

00

(s)j p

j¯

(s)j

2

+ 4j¯

0

(s) + ˚

0

(s)j

2

)

+ 1=2(j˚

00

(s)j p

j˚

(s)j

2

+ 4j¯

0

(s) Γ ˚

0

(s)j

2

)

ˇ1=2(j¯

00

(s)j

2

+ j˚

(s)j

2

) + 2(j ¯

0

(s)j

2

+ j˚

0

(s)j

2

)

+ 1=4(j¯

(s)j

2

+ j¯

00

(s)j

2

+ 4j¯

0

(s) + ˚

0

(s)j

2

)

+ 1=4(j˚

(s)j

2

+ j˚

(s)j

2

+ 4j¯

0

(s) Γ ˚

0

(s)j

2

)

=j¯

00

(s)j

2

+ j˚

(s)j

2

+ 4(j¯

0

(s)j

2

+ j˚

0

(s)j

2

):

Th us when

4 + j¯

(s)j

2

+ j˚

00

(s)j

2

0

(s))

2

+ (˚

0

(s))

2 h 2

1 +

(¯

(s))

2

+ (˚

(s))

2

0

(s))

2

+ (˚

0

(s))

2

2

¡ 4;

then (4.10) holds. A simplified condition for adjusting the step size h is

h ˇ p

7=6 and j¯

(s)j

2

+ j˚

(s)j

2

j¯

0

(s)j

2

+ j˚

0

(s)j

2 h 2

¡ 1 (4:11)

Analogously w e ha v e

h ˇ p

7=6 and ju

00

(s)j

2

+ jv

(s)j

2

ju

0

(s)j

2

+ jv

0

(s)j

2 h 2

¡ 1 (4:12)

12 Algorithm for Adjusting Step Size h

(0) Input maxStepSize.

(1) Let h = min f p

7=6; maxStepSize g .

(2) Let Δ

1

= (ju

00

(s)j

2

+ jv

00

(s)j

2

)=(ju

0

(s)j

2

+ jv

0

(s)j

2

):

(3) If h

2

Δ

1

¿ 1 then let h = 1=

p

Δ

1

.

(4) Let Δ

2

= (j¯

00

(s)j

2

+ j˚

00

(s)j

2

)=(j¯

0

(s)j

2

+ j˚

0

(s)j

2

):

(5) If h

2

Δ

2 p

Δ

2

.

5. Degenerate P oin ts

By degenerate p oin ts w e mean the p oin ts on the t w o surfaces where the tw o surfaces intersect with eac h other and ha v e the same tangen t plane. Since w e in general compute the tangen t v ector of the in tersection

curv e from the direction parallel to the in tersection line of the t w o tangen t planes, w e m ust resort to another

metho d for computing the tangen t v ector at degenerate p oin ts. There are a n um b er of tec hniques in tro duced

in the literature to deal with v arious t yp es of degenerate p oin ts. It is w ell kno wn that the sub division metho d

for the calculation of surface-surface in tersection do es not need a sp ecial treatmen t for degenerate p oin ts.

A metho d prop osed b y [B ¨ urger et al, 93] is implemen ted that sub divides the pair of patc hes and apply a

marc hing metho d to the subpatc hes that do not con tain degenerate p oin ts. In the implemen tation a stac k

is used to hold the pairs of the subpatc hes of whic h the diagonal of eac h rectangular domain is larger than a

giv en p ositiv e n um b er. Therefore, if the in tersection curv e consists of degenerate p oin ts then the in tersection

is actually calculated via a sub division metho d. Usually

, degenerate p oin ts are isolated in surface-surfaces

in tersection problem. Other t w o metho ds are also implemen ted for handling t w o t yp es of isolated degenerate

p oin ts: double p oin ts and triple p oin ts.

Double P oin ts

Assume that the t w o surfaces ha v e the same tangen t plane at an in tersection p oin t F ( u( s) ; v (s )) =

G(¯(s); ˚ (s)). Then

F

u u

0

+ F

v v

0

= G

¯

¯

0

+ G

˚

˚

0

:

Th us w e obtain that

¯

0

˚

0

= H u

0

v

0

; (5:1)

where

H := hG

¯

; G

¯ i hG

¯

˚ i

hG

¯

˚ i hG

˚

; G

˚ i

Γ1

hG

¯

; F

u i hG

¯

v i

˚

; F

u

˚

v i

:

When F and G ha v e con tin uous second order deriv ativ es,

F

uu

(u

0

)

2

+ 2F

uv u

0

v

0

+ F

v v

(v

0

)

2

+ T

F

= G

¯¯

(¯

0

)

2

+ 2G

¯˚

¯

0

˚

0

+ G

˚ ˚

(˚

0

)

2

+ T

G

; (5:2)

where T

F

= F

u u

00

+ F

v v

00

and T

G

= G

¯

¯

00

+ G

˚

˚

00

. As F and G ha v e the same tangen t plane at this p oin t, their normal lines are parallel. Let N b e a unit v ector parallel to F

u

Θ F

v

. Then hN ; T

F i = hN ; T

G i = 0.

Define

a

11 a

12 a

21 a

22

:=

hN ; F

uu i hN ; F

uv i

hN ; F

uv i hN ; F

v v i

and

b

11 b

12 b

21 b

22

:=

hN ; G

¯¯ i hN ; G

¯˚ i

hN ; G

¯˚ i hN ; G

˚ ˚ i

:

13 F rom (5.2) w e obtain that

( u

0

v

0

) a

11 a

12 a

21 a

22 u

0

v

0

= ( ¯

0

˚

0

) b

11 b

12 b

21 b

22

¯

0

˚

0

:

F rom (5.1) it follo ws that

c

11

(u

0

)

2

+ 2c

12 u

0

v

0

+ c

22

(v

0

)

2

= ( u

0

v

0

) C u

0

v

0

= 0 (5: 3)

with

C := c

11 c

12 c

21 c

22

=

a

11 a

12 a

21 a

22

Γ H

T

b

11 b

12 b

21 b

22

H : (5:4)

Namely

, (u

0

; v

0

) is an in tersection p oin t of the t w o osculating parab oloids. When C 6= 0 and the parametrization of ( u( s) ; v (s )) is regular, the quadratic form in (5.3) is not elliptic b ecause it has non trivial solutions.

When the quadratic form (5.3) is h yp erb olic, we can find tw o solutions for (u

0

v

0

). When c

11

6= 0, the solutions

are

u

0

= Γc

12

Σ

q

c

2

12

Γ c

11 c

22 and v

0

= c

11

:

When c

22

6= 0, the solutions are

u

0

= c

22 and v

0

= Γc

12

Σ

q

c

2

12

11 c

22

:

In the case c

11

= c

22

= 0 and c

12

u

0

= 1; and v

0

= 0 and

u

0

= 0; and v

0

= 1

Eac h solution (u

0

; v

0

) giv es a tangen t direction: F

u u

0

+ F

v v

0

: When the quadratic form is parab olic, w e can find one solution for (u

0

; v

0

). If this is a double p oin t, then the t w o in tersection curv es share a tangen t line and an y predictor that uses only the first order deriv ativ es fails at this p oin t. The ab o ve metho d for

computing the tangen t directions is essen tially the same as [Piegl, 92] in whic h Piegl describ ed it b y means

of the Dupin indicatrix. When t w o tangen t directions are obtained, one can use the predictor to obtain an

appro ximation of the deriv ativ es of the preimages and then c ho oses the righ t tangen t direction. The accuracy

of the appro ximation dep ends on the predictor and the marc hing step size. If the second order predictor is

used, the error of the appro ximation is of order O (h

2

) with h the marc hing step size.

Algorithm for Computing T angen t V ectors at Double P oin ts (0) Input the first order and the second order deriv ativ es of the preimages at the previous p oin t: u

0

0

, v

0

0

, u

00

0

,

and v

00

0

.

(1) Compute the appro ximation: u

0

= u

0

0

+ hu

00

0 and v

0

= v

0

0

+ hv

00

0

.

(2) Compute the co efficien ts c

ij of the quadratic form (5.3).

(3) Compute Δ =

p

c

2

12

11 c

22

.

(4) If c

11

6= 0, let u

0

1

= Γc

12

+ Δ, v

0

1

= c

11

, u

0

2

12

Γ Δ, and v

0

2

11

. Go to (8).

(5) If c

22

0

1

22

, v

0

1

12

+ Δ, u

0

2

22

0

2

12

Γ Δ. Go to (8).

(6) If c

12

= 0, return and rep ort that this metho d failed.

14

(7) Let u

0

1

= 1, v

0

1

= 0, u

0

2

= 0, and v

0

2

= 1.

(8) If j u

0

v

0

1

Γ v

0

u

0

1 j ˇ ju

0

v

0

2

0

u

0

2 j output the tangen t direction F

u u

0

1

+ F

v v

0

1

. Otherwise output the tangen t

direction F

u u

0

2

+ F

v v

0

2

.

T riple P oin ts

When the matrix C = 0, the t w o surfaces share the same osculating parab oloid. In order to compute the tangen t direction v ectors, w e lo ok in to the third order deriv ativ es:

C

000

=F

u u

000

+ F

000

v+ F

uuu

(u

0

)

3

+ 3F

uuv

(u

0

)

2

v

0

+ 3F

uv v u

0

(v

0

)

2

+ F

v v v

(v

0

)

2

+ 3F

uu u

0

u

00

+ 3F

uv

(u

0

v

00

+ u

00

v

0

) + 3F

v v v

0

v

=G

¯

¯

000

+ G

˚

˚

000

+ G

¯¯¯

(¯

0

)

3

+ 3G

¯¯˚

(¯

0

)

2

˚ + 3G

¯˚ ˚

¯

0

(˚

0

)

2

+ G

˚ ˚ ˚

(˚

0

)

3

+ 3G

¯¯

¯

0

¯

00

+ 3G

¯˚

(¯

0

˚

00

+ ¯

00

˚

0

) + G

˚ ˚

˚

0

˚

:

Define

a

111 a

112 a

122 a

222

:=

hN ; F

uuu i hN ; F

uuv i

hN ; F

uv v i hN ; F

v v v i

and

b

111 b

112 b

122 b

222

:=

hN ; G

¯¯¯ i hN ; G

¯¯˚ i

hN ; G

¯˚ ˚ i hN ; G

˚ ˚ ˚ i:

Let

p

1

:= ( u

0

v

0

) a

111 a

112 a

112 a

122 u

0

v

0

;

p

2

0

v

0

) a

112 a

122 a

122 a

222 u

0

v

0

;

q

1

:= ( ¯

0

˚

0

) b

111 b

112 b

112 b

122

¯

0

˚

0

= ( u

0

v

0

) H

T

b

111 b

112 b

112 b

122

H

u

0

v

0

;

q

2

0

˚

0

) b

112 b

122 b

122 b

222

¯

0

˚

0 0

v

0

) H

T

b

112 b

122 b

122 b

222

H

u

0

v

0

:

Then w e ha v e that

( u

0

v

0

) p

1 p

2

+ 3 ( u

0

v

0

) a

11 a

12 a

12 a

22 u

00

v

00

= ( ¯

0

˚

0

) q

1 q

2

+ 3 ( ¯

0

˚

0

) b

11 b

12 b

12 b

22

¯

00

˚

00

:

F rom (5.2) it follo ws that

¯

˚

= H u

v

+ J

’

1

’

2

;

where

J := hG

¯

; G

¯ i hG

¯

˚ i

hG

¯

˚ i hG

˚

; G

˚ i

Γ1

’

1

0

v

0

) hG

¯

; F

uu i hG

¯

uv i

¯

uv i hG

¯

v v i

Γ H

T

hG

¯

¯¯ i hG

¯

¯˚ i

¯

¯˚ i hG

¯

˚ ˚ i

H u

0

v

0

;

’

2

0

v

0

)

˚

; F

uu

˚

uv i

˚

uv

˚

v v i

T

˚

¯¯

˚

¯˚ i

˚

¯˚

˚

˚ ˚ i

H u

0

v

0

:

15 As the t w o surfaces share the same osculating parab oloid, the matrix C defined b y (5.4) is 0. Therefore,

( u

0

v

0

) a

11 a

12 a

12 a

22 u

00

v

00

= ( u

0

v

0

) H

T

b

11 b

12 b

12 b

22

H

u

v

:

Th us w e obtain the follo wing equation for computing (u

0

; v

0

):

( u

0

v

0

) p

1 p

2

Γ H

T

q

1 q

2

= 3 ( u

0

v

0

) H

T

b

11 b

12 b

12 b

22

J

’

1

’

2

:

Since p

1

, p

2

, q

1

2

, ’

1

, and ’

2 are quadratic forms of u

0

and v

0

, this equation is a cubic form. Thus it ma y pro vide 3 solutions for (u

0

; v

0

) and, corresp ondingly

, 3 tangent direction v ectors.

Solving the Cubic F orm

Denote

H =:

h

11 h

12 h

21 h

22 and D =

d

11 d

12 d

21 d

22

:= H

T

b

11 b

12 b

12 b

22

J:

Then,

p

1 p

2

T

q

1 q

2

Γ 3D

’

1

’

2

=

p

1

Γ h

11 q

1

21 q

2

Γ 3d

11

’

1

12

’

2 p

2

12 q

1

22 q

2

21

’

1

22

’

2

F or i = 1; 2, p

i

Γ h

1i q

1

2i q

2

Γ 3d

i1

’

1

i2

’

2 is a quadratic form. Assume that

p

i

1i q

1

2i q

2

i1

’

1

i2

’

2

= ( u

0

v

0

) c

11i c

1i2 c

1i2 c

i22 u

0

v

0

;

then

c

11i c

1i2 c

1i2 c

i22

=

a

11i a

1i2 a

1i2 a

i22

Γ H

T

h

1i b

111 b

112 b

112 b

122

+ h

2i b

112 b

122 b

122 b

222

H

Γ 3 hd

i1

G

¯

+ d

i2

G

˚

; F

uu i hd

i1

G

¯

i2

G

˚

uv i

hd

i1

G

¯

i2

G

˚

uv i hd

i1

G

¯

i2

G

˚

v v i

+ 3H

T

hd

i1

G

¯

i2

G

˚

; G

uu

i1

G

¯

i2

G

˚

uv i

i1

G

¯

i2

G

˚

uv

i1

G

¯

i2

G

˚

v v i

H :

us the cubic form is

c

111

(u

0

)

3

+ 3c

112

0

)

2

v

0

+ 3c

122 u

0

(v

0

)

2

+ c

222

(v

0

)

3

= 0: (5:5)

If there are three in tersection curv es in tersect at this p oin t, the cubic form (5.5) determines three tangen t directions. As w e can obtain appro ximation u

0

0 and v

0

0 of u

0

and v

0

, w e can use the cubic form to refine u

0

0 and v

0

0 via the Newton-Raphson iteration, instead of finding the three zeros of the cubic form b y an analytic

form ula. F or instance, when jv

0

0 j ˘ ju

0

0 j, let w

0

= u

0

0

=v

0

0

. Then w e solv e

c

111 w

3

+ 3c

112 w

2

+ 3c

122 w + c

222

= 0 (5:6)

with the initial guess w

0

. The corresp onding Newton-Raphson iteration sc heme is, for n = 0; 1; :::; k Γ 1,

w

n+1

= w

n

Γ c

111 w

3

n

+ 3c

112 w

2

n

122 w

n

+ c

222

3(c

111 w

2

n

+ 2c

112 w

n

122 w

n

)

:

The corresp onding tangen t direction is F

u w

k

+ F

u

.

16 Ac kno wledgmen tsI am grateful to the follo wing p eople for the discussions and comm unications with them during m y w ork on the pro ject: P eter Alfeld, Chandra jit Ba ja j, Carl de Bo or, Scott Kersey

, Ray Sarraga, Rob ert Sc habac k,

...

References

1. Ba ja j, C., Hoffmann, C., Hop croft, J., and Lync h, R., T racing surface in tersections, Comput. Aide d

Ge om. Des. , 5 (1988), 285-308.

2. Ba ja j, C., Xu, G., NURBS appro ximation of surface/surface in tersection curv es, A dvanc es in Compu-

tational Mathematics, 2 (1994), 1-21.

3. Barnhill, R., F arin, G., Jordan, M., and Pip er, B., Surface/Surface in tersection, Comput, A ide d Ge om.

Des., 4(1987), 3-16.

4. Barnhill, R. and Kersey

, S., A marc hing metho d for parametric surface/surface in tersection, Comput.

A ide d Ge om. Des. , 7 (1990), 257-280.

5. B ¨ urger, H. and Sc habac k, R., A parallel m ultistage metho d for surface/surface in tersection, Comput.

A ide d Ge om. Des , 10 (1993), 277-291.

6. Chen, J. and Ozso y , T., Predictor-corrector t yp e of in tersection algorithm for C

2

parametric surfaces,

Comput. A ide d Des. , 20 (1988), 347-352.

7. F arin, G., An SSI Bibliograph y , Ge ometry Pr o c essing for Design and Manufacturing, R. Barnhill, eds.,

SIAM (1992), 205-207.

8. F aux, I. and Pratt, M., Computational Ge ometry for Design and Manufactur e, Ellis Horw o o d Ltd,

Chic hester, UK, (1979).

9. Hough ton, E., Emnett, R., F actor, J., and Sabharwal, C., Implemen tation of a divide-and-conquer

metho d for in tersection of parametric surfaces, Comput. Aide d Ge om. Des., 2(1985), 173-183.

10. Piegl, L., Constructiv e geometric approac h to surface-surface in tersection, Ge ometry Pr o c essing for

Design and Manufacturing , R. Barnhill, eds, SIAM, (1992), 137-159.

20